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Abstract
We prove that every polytope described by algebraic coordinates is the face of a projectively
unique polytope. This provides a universality property for projectively unique polytopes. Using a
closely related result of Below, we construct a combinatorial type of 5-dimensional polytope that
is not realizable as a subpolytope of any stacked polytope. This disproves a classical conjecture in
polytope theory, first formulated by Shephard in the seventies.
By employing a technique developed by Adiprasito and Ziegler [AZ12], we prove the following univer-
sality theorem for projectively unique polytopes.
Theorem I. For any algebraic polytope P , there exists a polytope P̂ that is projectively unique and that
contains a face projectively equivalent to P .
Here, a polytope is algebraic if the coordinates of all of its vertices are real algebraic numbers, and
a polytope P in Rd is projectively unique if any polytope P ′ in Rd combinatorially equivalent to P is
projectively equivalent to P . In other words, P is projectively unique if for every polytope P ′ combinato-
rially equivalent to P , there exists a projective transformation of Rd that realizes the given combinatorial
isomorphism from P to P ′.
Remark. Theorem I is sharp: We cannot hope that every polytope is the face of a projectively unique
polytope. Indeed, it is a consequence of the Tarski-Seidenberg Theorem [BM88, Lin71] that every combi-
natorial type of polytope has an algebraic realization. In particular, every projectively unique polytope,
and every single one of its faces, must be projectively equivalent to an algebraic polytope. Hence, a
d-dimensional polytope with n ≥ d + 3 vertices whose set of vertex coordinates consists of algebraically
independent transcendental numbers is not a face of any projectively unique polytope.
Remark. A consequence of Theorem I is that for every finite field extension F over Q, there exists
combinatorial type of polytope NR(F ) that is projectively unique, but not realizable in any vector space
over F . This extends on a famous result of Perles, who constructed a projectively unique polytope that
is not realizable in any rational vector space, cf. [Gru¨03, Sec. 5.5, Thm. 4].
In the second part of this paper, we consider a conjecture of Shephard, who asked whether every
polytope is a subpolytope of some stacked polytope, i.e. whether it can be obtained as the convex hull
of some subset of the vertices of some stacked polytope. While he proved this wrong in [She74], he
conjectured it to be true in a combinatorial sense.
Conjecture (Shephard [She74], Kalai [Kal04, p. 468], [Kal12]). For every d ≥ 0, every combinatorial
type of d-dimensional polytope can be realized using subpolytopes of d-dimensional stacked polytopes.
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Romanian NASR, CNCS – UEFISCDI, project PN-II-ID-PCE-2011-3-0533.
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The conjecture is true for 3-dimensional polytopes, as seen by Ko¨mhoff in [Ko¨80], but remained open
for dimensions d > 3. On the other hand, Theorem I encourages us to attempt a disproof of Shephard’s
conjecture. The idea is to use the universality theorem above to provide a projectively unique polytope
that is not a subpolytope of any stacked polytope. Since any admissible projective transformation of a
stacked polytope is a stacked polytope, no realization of the polytope provided this way is a subpolytope
of any stacked polytope.
Unfortunately, the method of Theorem I is highly ineffective: The counterexample to Shephard’s
conjecture it yields is of a very high dimension. We use a refined method, building on the same idea, to
present the following result.
Theorem II. There exists a combinatorial type of 5-dimensional polytope that cannot be realized as a
subpolytope of any stacked polytope.
It remains open to decide whether every combinatorial type of 4-dimensional polytope can be realized
as the subpolytope of some stacked polytope.
(U) Universality of projectively unique polytopes
Point configurations, PP configurations and weak projective triples
We recall the basic facts about projectively unique point configurations and polytope-point configurations,
compare also [AZ12, Sec. 5.1 & 5.2], [Gru¨03, Sec. 4.8 Ex. 30] or [RG96, Pt. I].
Definition U.1 (PP configurations, Lawrence equivalence, projective uniqueness). A point configuration
is a finite collection R of distinct points in Rd. If H is an oriented hyperplane in Rd, then we use H+
resp. H− to denote the open halfspaces bounded by H . If P is a polytope in Rd such that P ∩ R = ∅
then the pair (P,R) is a polytope–point configuration, or short PP configuration.
A hyperplane H is external to P if H ∩ P is a face of P . Two PP configurations (P,R), (P ′, R′) in
Rd are Lawrence equivalent if there is a bijection ϕ between the vertex sets of P and P ′ and the sets R
and R′, such that, if H is any hyperplane for which the closure of H− contains P , there exists an oriented
hyperplane H ′ for which the closure of H ′− contains P
′ and
ϕ(F0(P ) ∩H−) = F0(P ′) ∩H ′−, ϕ(R ∩H+) = R′ ∩H ′+, ϕ(R ∩H−) = R′ ∩H ′−;
where F0(P ) denotes the set of vertices of P .
A PP configuration (P,R) in Rd is projectively unique if for any PP configuration (P ′, R′) in Rd
Lawrence equivalent to it, and every bijection ϕ that induces the Lawrence equivalence, there is a projec-
tive transformation T that realizes ϕ. A point configurationR is projectively unique if the PP configuration
(∅, R) is projectively unique, and it is not hard to verify that a polytope P is projectively unique if and
only if the PP configuration (P, ∅) is projectively unique.
Proposition U.2 (Lawrence extensions, cf. [AZ12, Prp. 5.2], [RG96, Lem. 3.3.3 & 3.3.5]). Let (P,R) be
a projectively unique PP configuration in Rd. Then there exists a (dimP +#R)-dimensional polytope on
f0(P ) + 2 ·#R vertices that is projectively unique and that contains P as a face.
Here #R denotes the cardinality of R.
Definition U.3 (Framed PP configurations). Let (P,R) denote any PP configuration in Rd, and let Q
be any subset of F0(P ) ∪ R. Let (P ′, R′) be any PP configuration in Rd Lawrence equivalent to (P,R),
and let ϕ denote the labeled isomorphism inducing the Lawrence equivalence.
The PP configuration (P,R) is framed by the set Q if ϕ|Q = id|Q implies ϕ = id. Similarly, a
polytope P (resp. a point configuration R) is framed by a set Q if (P, ∅) (resp. (∅, R)) is framed by Q.
Examples U.4 (Some instances of framed PP configurations).
(i) If (P,R) is any PP configuration, then F0(P ) ∪R frames (P,R).
(ii) If (P,R) is any PP configuration framed by a set Q, then every superset of Q frames (P,R) as well.
(iii) If (P,R) is any projectively unique PP configuration, and Q ⊂ F0(P )∪R is a projective basis, then
Q frames (P,R).
(iv) Any d-cube, d ≥ 3, is framed by 2d − 1 of its vertices, cf. [AZ12, Lem. 3.4].
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Definition U.5 (Weak projective triple in Rd). A triple (P,Q,R) of a polytope P in Rd, a subset Q of
F0(P ) and a point configuration R in R
d is a weak projective triple in Rd if and only if
(1) (∅, Q ∪R) is a projectively unique point configuration,
(2) Q frames the polytope P , and
(3) some subset of R spans a hyperplane H , the wedge hyperplane, which does not intersect P .
Figure 1: The subdirect cone of the weak projective triple (P,Q,R) in the special case where Q coincides with
the vertex set of P .
Definition U.6 (Subdirect cone). Let (P,Q,R) be a weak projective triple in Rd, seen as a canonical
subspace of Rd+1. Let H denote the wedge hyperplane in Rd spanned by points of R with H ∩ P = ∅.
Let v denote any point not in Rd, and let Ĥ denote any hyperplane in Rd+1 such that Ĥ ∩ Rd = H and
Ĥ separates v from P . Consider, for every vertex p of P , the point pv = conv{v, p} ∩ Ĥ . Denote by P v
the pyramid
P v := conv
(
v ∪
⋃
p∈F0(P )
pv
)
.
The PP configuration (P v, Q ∪R) in Rd+1 is a subdirect cone of (P,Q,R).
Lemma U.7 ([AZ12, Lem. 5.8.]). For any weak projective triple (P,Q,R) the subdirect cone (P v, Q∪R)
is a projectively unique PP configuration, and the base of the pyramid P v is projectively equivalent to P .
Combining Lemma U.7 and Proposition U.2 gives:
Corollary U.8. If (P,Q,R) is a weak projective triple, there exists a projectively unique polytope of
dimension dimP +#Q+#R+1 on f0(P ) + 2 · (#Q+#R) + 1 vertices that contains a face projectively
equivalent to P .
Constructions for projectively unique point configurations and the proof of Theorem I
Let P be any algebraic polytope. Our goal for this section is to find a weak projective triple that
contains P . Applying Corollary U.8 then finishes the proof of Theorem I. The main step towards that
goal is to embed F0(P ) into a projectively unique point configuration. In the construction, we will use
the following straightforward observation repeatedly.
Lemma U.9. Let R be a projectively unique point configuration, let Q ⊆ R and let R′ ⊇ Q be a point
configuration framed by Q. Then R ∪R′ is a projectively unique point configuration.
Proposition U.10. The point configuration Qd := {v ∈ Zd ⊂ Rd : ||v||∞ ≤ 1} is projectively unique for
every d ≥ 3.
Proof. The proof is by induction on d. We start proving that Q3 is projectively unique. This implies
that Qd is projectively unique for any d ≥ 3.
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Q3 is projectively unique: To see that Q3 is projectively unique, we start with the folklore observation
that the points (±1,±1,±1), together with the origin (0, 0, 0), form a projectively unique configuration
W ( Q3 (cf. Figure 2(a)). Furthermore, we claim W frames Q3, thereby proving that Q3 is projectively
unique since W is projectively unique.
(a) W (b) Center points of facets. (c) Center points of edges.
Figure 2: Showing that Q3 is projectively unique.
To see this, notice that the point (1, 0, 0) of Q3 \W is determined as the intersection of the lines
aff{(+1,+1,+1), (+1,−1,−1)} and aff{(+1,+1,−1), (+1,−1,+1)}, which are spanned by points of W .
Similarly, all points that arise as coordinate permutations and/or sign changes from (+1, 0, 0) are deter-
mined this way. Geometrically, these are the center points of the facets of the cube [−1, 1]3 = convW =
convQ3 (cf. Figure 2(b)).
The remaining lattice points of Q3 coincide with the midpoints of the edges of said cube. To determine
them, let e be any edge of Q3 and let F1 and F2 be the facets of Q
3 incident to that edge. Finally, let H
be the hyperplane spanned by the center point of Q3 and the center points of F1 and F2. The midpoint
of e is the unique point of intersection of e and H (cf. Figure 2(c)).
Qd is projectively unique: For d ≥ 4, consider the projective basis B of Rd consisting of the vertex
v0 := (+1,+1, . . . ,+1) of [−1, 1]d, together with the neighboring vertices v1 := (−1,+1, . . . ,+1), v2 :=
(+1,−1, . . . ,+1), . . . , vd := (+1,+1, . . . ,−1) and the origin o := (0, . . . , 0) (cf. Figure 3(a)). We will see
that once the coordinates of the elements in B are fixed, then the coordinates of all the remaining lattice
points of Qd can be determined uniquely.
(a) B (b) R1 (c) aff{o, v1} ∩ aff{R1}
Figure 3: Scheme for showing that Qd is projectively unique. (The picture displays Q3 for the sake of clarity,
but the proof starts with d ≥ 4.)
Consider the set of points of Qd lying in a common facet of [−1, 1]d that is incident to v0; for example,
R1 := Q
d ∩ aff{v0, v2, . . . , vd} (cf. Figure 3(b)). Observe that R1 is just an affine embedding of Qd−1
into Rd. As such, R1 is projectively unique, and thus it is determined uniquely if a projective basis for
its span is fixed.
Clearly, the points v0, v2, . . . , vd of B form an affine basis for the affine span of R1. Furthermore, the
coordinates of the point w = (+1,−1, . . . ,−1), are fixed by B. Indeed, w is the the point of intersection
of the line aff{o, v1} with the hyperplane aff{R1} (cf. Figure 3(c)). To sum up, we have that
◦ the points v0, v2, . . . , vd, w are determined uniquely from the points of B,
◦ the points v0, v2, . . . , vd, w are elements of R1, and
◦ the points v0, v2, . . . , vd, w form a projective basis for the span of R1.
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Consequently, R1∪B is a projectively unique point configuration, since B is projectively unique. We can
repeat this argumentation for all point configurations
Ri := Q
d ∩ aff ({v0, v1, v2, . . . , vd} \ {vi}) , i ∈ {1, . . . , d}.
In particular,
Q˜d = B ∪
⋃
i∈{1,...,d}
Ri
is projectively unique. Moreover, since the last vertex of a cube of dimension d ≥ 3 is determined by the
remaining ones by (cf. [AZ12, Lem 3.4], compare also Example U.4(iv)), the configuration Q˜d ∪ {−v0} is
projectively unique as well. By symmetry,
−Q˜d ∪ {v0} = −B ∪
⋃
i∈{1,...,d}
−Ri ∪ {v0}
is also projectively unique. Clearly, Q˜d ∪ {−v0} and −Q˜d ∪ {v0} intersect along a projective basis: for
instance, the set B lies in both −Q˜d∪{v0} and Q˜d∪{−v0} and forms a projective basis as desired. Thus,
the point configuration Qd = Q˜d ∪ {−v0} ∪ −Q˜d ∪ {v0} is projectively unique.
Embedding vertex sets of algebraic polytopes We start with a point configuration PROJ [p] that
shows that it is enough to fix each coordinate of a point to frame it.
Lemma U.11. For each point p in the positive orthant Rd+ of R
d, d ≥ 3, there is a point configuration
PROJ [p] ∈ Rd that contains p = (p1, . . . , pd) and is framed by the points
L(p) :=
{
0, p1e1, . . . , pded,
p1e1
2 , . . . ,
pded
2
}
.
Proof. We denote by Qd+1 the translation of Qd by the all-ones vector. Moreover, let D = D[p1, . . . , pd]
denote the diagonal matrix with diagonal entries p1, . . . , pd. Notice that PROJ [p] :=
D
2 (Q
d+1) is projec-
tively unique (by Proposition U.10), contains p and the set L(p). Since every projective transformation
fixing L(p) is the identity, the subset L(p) frames PROJ [p].
Finally, we only need to frame each coordinate of the point. The idea is to realize the defining poly-
nomial of any real algebraic number in a functional arrangement (cf. [KM99, Def. 9.6]), which conversely
determines the real algebraic number.
Definition U.12. For a function f : Rk 7→ R, a functional arrangement FUNC [f ] = FUNC [f ] (x) for f
is a k-parameter family of point configurations in R2 such that the following conditions hold:
(i) For all x = (x1, . . . , xk) in R
k, the functional arrangement FUNC [f ] (x) contains the output point
f(x)e1, the input points xie1, i ∈ {1, . . . , k}, and the set Q2 + 1.
(ii) For all x ∈ Rk, the set {xie1 : i ∈ {1, . . . , k}}∪(Q2+1) frames the point configuration FUNC [f ] (x).
For the last condition, let ϕ(FUNC [f ])(x) denote any point configuration Lawrence equivalent the func-
tional arrangement FUNC [f ] (x), where ϕ is the bijection of points that induces the Lawrence equivalence.
(iii) For all x ∈ Rk, if ϕ is the identity on Q2 + 1 and ϕ(f(x)e1) = f(x)e1, we have ϕ(xe1) ∈
f−1(f(x))e1 ⊂ R2×k.
Hence, a functional arrangement essentially computes a function and its inverse by means of its
point-line incidences alone. An just as like functions, they can be combined:
Lemma U.13. Let F(x, z) and G(y, z), x ∈ Rk, y ∈ Rℓ, z ∈ Rm, denote functional arrangements for
functions f : Rk+m 7→ R and g : Rℓ+m 7→ R, respectively. Then
F(g(y, z), x′, z) ∪G(y, z), x′ := (x2, . . . , xk)
is a functional arrangement for the function f(g(y, z), x′, z) from Rk+m+ℓ−1 to R.
Proposition U.14 (cf. [vS57], [KM99, Thm. D]). Every integer coefficient polynomial ψ is realized by a
functional arrangement FUNC [ψ].
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Proof. The proof of this fact is based on the classical von Staudt constructions ([vS57], compare also
[RG11, Ch. 5], [RG96, Sec. 11.7] or [KM99, Sec. 5]), which are a standard tool to encode algebraic
operations in point-line incidences.
To construct the desired functional arrangements, notice that every integer coefficient polynomial in
variable x can be written using 0, 1 and x, combined by addition and multiplication. Hence, thanks to
Lemma U.13, it suffices to provide:
◦ A functional arrangement ADD(α, β) for the function a(α, β) = α + β computing the addition of two
real numbers.
◦ A functional arrangement MLT(α, β) for the function m(α, β) = α · β computing the product of two
real numbers.
Both functional configurations are shown below. We invite the reader to check that they indeed form
functional arrangements for addition and multiplication.
(a) ADD(α, β) (b) MLT(α, β)
Figure 4: Von Staudt constructions for addition, ADD(α, β), and multiplication, MLT(α, β). The blue points of
the configuration form the input, the red points show Q2 + 1, the yellow points are auxiliary to the construction
and the green points give the output.
By switching output and input points of these functional arrangements, we also obtain functional
arrangements SUB(α, β) and DIV(α, β) for s(α, β) = α− β and d(α, β) = αβ .
Example U.15. Let us construct a functional arrangement for x 7→ x2 − 2 = s(m(x, x), a(1, 1)). Using
Lemma U.13, this arrangement can be written as combination of the functional arrangements for addition,
subtraction and multiplication:
FUNC
[
x2 − 2] (x) = FUNC [s(m(x1, x2), a(x3, x4))] (x, x, 1, 1) = SUB(x2, 2) ∪MLT(x, x) ∪ ADD(1, 1).
Figure 5 shows the evaluations of this functional arrangement at
√
2 and
√
3.
(a) FUNC
[
x2 − 2] (√2) (b) FUNC [x2 − 2] (√3)
Figure 5: Two evaluations of the functional arrangement FUNC
[
x2 − 2].
The point configuration FUNC
[
x2 − 2] (√2), as given above, is framed by Q2 + 1. Hence, it enables
us to compute
√
2 from Q2 + 1. Similar point configurations for any algebraic number are given in the
following corollary.
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Corollary U.16. For each real algebraic number ζ, there is a point configuration COOR [ζ] ⊂ R2 framed
by Q2 + 1 such that ζe1 ∈ COOR [ζ].
Proof. If ζ is algebraic of degree ≤ 1 (i.e. ζ is rational), let p, q ∈ Z be such that ζ = pq and set
ψ(x) = qx− p. We then define COOR [ζ] := FUNC [ψ] (ζ).
If ζ is instead of degree≥ 2 (i.e. ζ is irrational, but algebraic), and ψ is an integer coefficient polynomial
with root ζ, then let ζ+ and ζ− denote rational numbers with the property that ζ is the only root of ψ
in the interval [ζ−, ζ+]. Then the desired point configuration is given by
COOR [ζ] := COOR
[
ζ−
] ∪ FUNC [ψ] (ζ) ∪ COOR [ζ+] ,
which contains ζ by construction, and it is framed by Q2+1. Indeed, let ϕ(COOR [ζ]) be a configuration
Lawrence equivalent to COOR [ζ], where the equivalence is induced by the bijection ϕ. If ϕ is the identity
on Q2 + 1, then by Definition U.12(iii) and since ψ(ζ)e1 = 0 ∈ Q2 + 1, we obtain ϕ(ζ−e1) = ζ−e1,
ϕ(ζ+e1) = ζ
+e1 and ϕ(ζe1) = ζ
′e1. Here ζ′ must be a root of ψ, which lies in the interval [ζ−, ζ+] by
Lawrence equivalence. This root is unique, so ϕ(ζe1) = ζe1. To sum up, Q
2 + 1 determines ζe1, which
together with Q2 + 1 frames COOR [ζ] by Definition U.12(ii).
Corollary U.17. Let ζ be any point in Rd+, d ≥ 3, with algebraic coordinates. Then there is a projectively
unique point configuration COOR [ζ] containing ζ and Qd + 1.
Proof. Let ζ = (ζ1, . . . , ζd). For any i, let COOR [ζi]i,i+1 resp. COOR [
ζi/2]i,i+1 denote the configurations
provided by Corollary U.16, naturally embedded into the plane spanned by ei and ei+1 (using a cyclic
labelling for the base vectors e∗). We obtain in
COOR [ζ] := (Qd + 1) ∪ PROJ [ζ] ∪
⋃
i∈{1,...,d}
COOR [ζi]i,i+1 ∪
⋃
i∈{1,...,d}
COOR [ζi/2]i,i+1
the desired point configuration: COOR [ζ] contains ζ and Qd + 1 by construction and it is projectively
unique by Lemma U.9.
Conclusion of proof
Proof of Theorem I. Let P denote a algebraic polytope in Rd. We assume that d ≥ 3, since if d ≤ 2
we can realize P as a face of some 3-dimensional pyramid. By dilation and translation, we may assume
that P lies in the interior of the cube C := conv(Qd + 1). Consider now the point configuration
COOR [P ] :=
⋃
v∈F0(P )
COOR [v] ,
where COOR [v] , v ∈ F0(P ), is the point configuration provided by Corollary U.17. Set Q := F0(P ) and
R := COOR [P ] \Q. With this, we have that (P,Q,R) is a weak projective triple. Indeed,
(1) Q ∪R = COOR [P ] is a projectively unique point configuration by Corollary U.17 and Lemma U.9,
(2) Q obviously frames P (cf. Example U.4(i)), and
(3) since P ⊂ intC, we have F0(C) ⊂ R, and hence any of the facet hyperplanes of C can be chosen as
wedge hyperplane for the triple.
Thus, by Corollary U.8, there exists a projectively unique polytope that contains a face projectively
equivalent to P .
(S) Subpolytopes of stacked polytopes
In this section, we disprove Shephard’s conjecture. While this alone could be done using Theorem I
(with arguments slightly differing from those below), we here use a refined argumentation to construct
combinatorial types of 5-dimensional polytopes that are not realizable as subpolytopes of 5-dimensional
stacked polytopes (Theorem II). Instead of Theorem I, we will use the following result of Below.
Theorem S.1 ([Bel02, Ch. 5], see also [Dob11, Thm. 4.1]). Let P be any algebraic d-dimensional polytope.
Then there is a polytope P̂ of dimension d+ 2 that contains a face F that is projectively equivalent to P
in every realization of P̂ .
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The remainder of this section is concerned with the proof of Theorem II. For the convenience of the
reader, we retrace, in a higher generality and with improved quantitative bounds, Shephard’s ideas that
lead him to discover 3-dimensional polytopes that are not subpolytopes of stacked polytopes [She74]. We
recall some notions.
Definition S.2. A polytope is [k-facet]-stacked if it is the connected sum (cf. [RG96, Sec. 3.2]) of
polytopes with at most k facets each. With this, a [(d+ 1)-facet]-stacked d-dimensional polytope is
simply a stacked polytope.
(a) [4-facet]-stacked (b) [5-facet]-stacked
Figure 6: A [4-facet]-stacked 3-polytope (i.e. a stacked 3-polytope) and a [5-facet]-stacked 3-polytope.
Let dH(·, ·) denote the Hausdorff distance between compact convex subsets of Rd, cf. [Sch93, Sec. 1.8].
Let Br(x) denote the metric ball in R
d with center x and radius r. Shephard’s main observations are:
Lemma S.3 (cf. [She74, 2.(i) & (ii)]). Let P be any polytope with dH(P,B1(0)) ≤ ε ≤ 136 . Then, for any
polytope P ′ with F0(P ) ⊂ F0(P ′), we have dH(P ′, B1(0)) ≤ 6
√
ε.
Equivalently, if Q′ is any polytope with dH(Q′, B1(0)) > δ, 0 < δ < 1, then dH(Q,B1(0)) > δ
2
36 for
any subpolytope Q of Q′.
Sketch of Proof. By assumption, we have B1−ε(0) ⊂ P ⊂ B1+ε(0). Hence, every face of P can be
enclosed in some ball of radius
√
(1 + ε)2 − (1− ε)2 = 2√ε and so every point in ∂P is at distance at
most 2
√
ε from some vertex of P . Let now v be any vertex of P ′ not in P , and let vP denote the point
of intersection of the line segment conv{0, v} with ∂P . Then conv({v} ∪B1−ε(0)) ⊂ conv({v} ∪ P ), and
since conv({v} ∪ P ) contains no vertex of P in the interior, we have
convB2
√
ε(vP ) 6⊂ conv({v} ∪B1−ε(0)).
If 2
√
ε < 1 − ε, this can be used to estimate the euclidean norm of v as ||v||2 ≤ (1+ε)(1−ε)1−ε−2√ε , and hence if√
ε ≤ 1/6, then ||v||2 ≤ 1 + 6√ε. This gives B1−ε(0) ⊂ P ′ ⊂ B1+6√ε(0), or dH(P ′, B1(0)) ≤ 6
√
ε.
Lemma S.4 (cf. [She74, 2.(iii) & (iv)]). For any [k-facet]-stacked d-dimensional polytope S, d ≥ 3, we
have
dH(S,B1(0)) ≥ 2−2k−4.
Sketch of Proof. Assume dH(S,B1(0)) ≤ (1− 1/√2). As observed in the proof Lemma S.3, the edges of S
have length at most 4
√
dH(S,B1(0)).
Now, the polytope S can be written as the connected sum of polytopes Si, each of which has at most
k facets. Let Σ be any one of the Si that contains the origin. We claim that Σ has an edge of length at
least 2−k. Indeed, since Σ contains the origin, is has two vertices v, w that enclose an angle at least π/2
with respect to the origin. Furthermore, F0(Σ) ∩B1/√2(0) ⊂ F0(S) ∩B1/√2(0) = ∅, so these two vertices
are at least at distance 1 from each other. Since the graph of each polytope is connected, there must
be a path of edges in Σ from v to w, and so one of these edges must be of length (f1(Σ))
−1 or more.
Finally, Sperner’s Theorem shows that a polytope with k facets has at most
(
k
[k/2]
) ≤ 2k edges, so that
(f1(Σ))
−1 ≥ 2−k, which gives the desired bound. To combine the two observations, notice that since
d ≥ 3, all edges of Σ are edges of S, so
4
√
dH(S,B1(0)) ≥ 2−k =⇒ dH(S,B1(0)) ≥ 2−2k−4.
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Combining the two lemmas above, we recover Shephard’s main result.
Corollary S.5 (cf. [She74]). For any subpolytope P of a [k-facet]-stacked d-dimensional polytope, d ≥ 3,
we have
dH(P,B1(0)) ≥ 2−4k−10 · 3−2.
In particular, every d-polytope that approximates B1(0) closely is not the subpolytope of any stacked
polytope. We now only need to add a simple observation to Shephard’s ideas:
Proposition S.6. For P is a subpolytope of a [k-facet]-stacked polytope S, then any face σ of P is a
subpolytope of a [k-facet]-stacked polytope as well.
Proof. It suffices to prove this in the case where σ is a facet of P . Let H denote the hyperplane spanned
by σ. Recall that S is obtained as the connected sum of polytopes S1, . . . , Sn, and so H ∩ S is the
connected sum of the polytopes H ∩ S1, . . . , H ∩ Sn. Now every single one of the polytopes Si has most
k facets, and every facet of H ∩ Si is obtained as the intersection of a facet of Si with H , so H ∩ S is
[k-facet]-stacked. Observing that σ = H ∩ P is a subpolytope of H ∩ S finishes the proof.
Conclusion of proof
Proof of Theorem II. Let P be any 3-dimensional polytope with dH(P,B1(0)) < 2
−4·6−10 · 3−2. By
Corollary S.5, P is not a subpolytope of any [6-facet]-stacked polytope, and the same holds for any
polytope projectively equivalent to P .
Theorem II now provides a polytope P̂ of dimension 5 that contains a face F that is projectively
equivalent to P in every realization of P̂ . Assume now that some polytope O combinatorially equivalent
to P̂ is a subpolytope of some stacked polytope. By Proposition S.6, any face of O is a subpolytope of
some [6-facet]-stacked polytope. But the face of O corresponding to F is projectively equivalent to P ,
and hence not obtained by deleting vertices of a [6-facet]-stacked polytope. A contradiction.
References
[AZ12] K. Adiprasito and G. M. Ziegler, Many polytopes with low-dimensional realization space, preprint, avail-
able at arxiv.org/abs/1212.5812.
[Bel02] A. Below, Complexity of triangulation, Ph.D. thesis, ETH Zu¨rich, Zu¨rich, CH, 2002.
[BM88] E. Bierstone and P. D. Milman, Semianalytic and subanalytic sets, Inst. Hautes E´tudes Sci. Publ. Math.
(1988), 5–42.
[Dob11] M. Dobbins, Representations of polytopes, Ph.D. thesis, Temple University, Philadelphia, US, 2011.
[Gru¨03] B. Gru¨nbaum, Convex Polytopes, 2nd ed., Graduate Texts in Mathematics, vol. 221, Springer, New York,
2003.
[Kal04] G. Kalai, Polytope skeletons and paths, in “Handbook of Discrete and Computational Geometry” (J. E.
Goodman and J. O’Rourke, eds.), Chapman & Hall/CRC, Boca Raton, FL, 2nd ed., 2004, pp. 455–476.
[Kal12] , Open problems for convex polytopes I’d love to see solved, July 2012, Talk on Workshop ”Convex
Polytopes” at RIMS Kyoto, slides available on gilkalai.files.wordpress.com/2012/08/kyoto-3.pdf.
[KM99] M. Kapovich and J. J. Millson, Moduli spaces of linkages and arrangements, Advances in Geometry,
Progr. Math., vol. 172, Birkha¨user Boston, Boston, MA, 1999, pp. 237–270.
[Ko¨80] M. Ko¨mhoff, On a combinatorial problem concerning subpolytopes of stack polytopes, Geometriae Dedicata
9 (1980), 73–76.
[Lin71] B. Lindstro¨m, On the realization of convex polytopes, Euler’s formula and Mo¨bius functions, Aequationes
Math. 6 (1971), 235–240.
[RG96] J. Richter-Gebert, Realization Spaces of Polytopes, Lecture Notes in Mathematics, vol. 1643, Springer,
Berlin, 1996.
[RG11] , Perspectives on Projective Geometry, Springer, Heidelberg, 2011.
[Sch93] R. Schneider, Convex bodies: the Brunn-Minkowski theory, Encyclopedia of Mathematics and its Appli-
cations, vol. 44, Cambridge University Press, Cambridge, 1993.
[She74] G. C. Shephard, Subpolytopes of stack polytopes, Israel Journal of Mathematics 19 (1974), 292–296.
[vS57] K. G. C. von Staudt, Beitra¨ge zur Geometrie der Lage, no. 2, Baur und Raspe, Nu¨rnberg, 1857.
9
